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Abstract 

Inflationary cosmology, a period of accelerated expansion in the early 
universe, is being tested by Cosmic Microwave Background measurements. 
Generic predictions of inflation have been shown to be correct, and in ad- 
dition individual models are being tested. The model of Natural Inflation 
is examined in light of recent 3-year data from the Wilkinson Microwave 
Anisotropy Probe and shown to provide a good fit. The inflaton poten- 
tial is naturally flat due to shift symmetries, and in the simplest version 
is V(<j>) = A 4 [l ± cos(N<j>/f)]. The model agrees with WMAP3 mea- 
surements as long as / > 0.7m-p\ (where wpj = 1.22 x 10 19 GeV) and 
A ~ m GUT- ^he running of the scalar spectral index is shown to be 
small - an order of magnitude below the sensitivity of WMAP3. The 
location of the field in the potential when perturbations on observable 
scales are produced is examined; for / > 5mpi, the relevant part of the 
potential is indistinguishable from a quadratic, yet has the advantage that 
the required flatness is well-motivated. Depending on the value of /, the 
model falls into the large field (/ > 1.5mpi) or small field (/ < 1.5mpj) 
classification scheme that has been applied to inflation models. Natural 
inflation provides a good fit to WMAP3 data. 



*ktf reeseOumich. edu 
T cmsavage@umich . edu 
^whkinney@buf f alo . edu 



10' 




Spectral Index n s 



Figure 1: Natural inflation predictions and WMAP3 constraints in the r-n s 
plane. (Solid/blue) lines running from approximately the lower left to upper 
right are predictions for constant N and varying /, where N is the number of 
e-foldings prior to the end of inflation at which current horizon size modes were 
generated and / is the width of the potential. The remaining (dashed/red) lines 
are for constant / and varying N. The (light blue) band corresponds to the val- 
ues of N for standard post-inflation cosmology with (1 GeV) 4 < pj^jj < ^ nc |- 
Filled (nearly vertical) regions are the parameter spaces allowed by WMAP3 at 
68% and 95% C.L.'s. Natural inflation is consistent with the WMAP3 data for 
/>0.7mpj and essentially all likely values of N. 



1 Introduction 

Over the past five years, Cosmic Microwave Background data have taught us 
a tremendous amount about the global properties of the universe. We have 
learned about the geometry of the universe, precise measurements of the age 
of the universe, the overall content of the universe, and other properties. A 
"standard cosmology" with precision measurements is emerging. However, the 
standard Hot Big Bang has inconsistencies, many of which can be resolved by 
an accelerated period of expansion known as inflation. 

Inflation was proposed pQ to solve several cosmological puzzles: the ho- 
mogeneity, isotropy, and flatness of the universe, as well as the lack of relic 
monopoles. While inflation results in an approximately homogeneous universe, 
inflation models also predict small inhomogeneities. Observations of inhomo- 
geneities via the cosmic microwave background (CMB) anisotropies and struc- 
ture formation are now providing tests of inflation models. 
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The release of three years of data from the Wilkinson Microwave Anisotropy 
Probe (WMAP3) [2] satellite has generated a great deal of excitement in the 
inflationary community. First, generic predictions of inflation match the obser- 
vations: the universe has a critical density (Q = 1), the density perturbation 
spectrum is nearly scale invariant, and superhorizon fluctuations are evident. 
Second, current data is beginning to differentiate between inflationary models 
and already rules some of them out. For example, quartic potentials and generic 
hybrid models do not provide a good match to the data [21 [31 [3] . We here illus- 
trate that the model known as Natural Inflation is an excellent match to current 
data. 

Inflation models predict two types of perturbations, scalar and tensor, which 
result in density and gravitational wave fluctuations, respectively. Each is typ- 
ically characterized by a fluctuation amplitude {P^/ 2 for scalar and P^ 2 for 
tensor, with the latter usually given in terms of the ratio r = Pt/Pr.) an d a 
spectral index (n a for scalar and for tensor) describing the scale dependence 
of the fluctuation amplitude. As only two of these four degrees of freedom are 
independent parameters (as discussed below), theoretical predictions as well as 
data are presented in the r-n s plane. 

Most inflation models suffer from a potential drawback: to match various 
observational constraints, notably CMB anisotropy measurements as well as the 
requirement of sufficient inflation, the height of the inflaton potential must be 
of a much smaller scale than that of the width, by many orders of magnitude 
(i.e., the potential must be very flat). This requirement of two very different 
mass scales is what is known as the "fine-tuning" problem in inflation, since very 
precise couplings are required in the theory to prevent radiative corrections from 
bringing the two mass scales back to the same level. The natural inflation model 
(NI) uses shift symmetries to generate a flat potential, protected from radiative 
corrections, in a natural way [5] . In this regard, NI is one of the best motivated 
inflation models. 

One of our major results is shown in Figure [T] The predictions of NI are 
plotted in the r-n s plane for various parameters: the width / of the potential and 
number of c-foldings N before the end of inflation at which present day horizon 
size fluctuations were produced. N depends upon the post-inflationary universe 
and is ~50-60. Also shown in the figure are the observational constraints from 
WMAP's recent 3-year data, which provides some of the tightest constraints on 
inflationary models to date [2]. The primary result is that NI, for />0.7mpj, 
is consistent with current observational constraint^. 

We emphasize two further results as well. First, the running of the spectral 
index in natural inflation, i.e. the dependence of n s on scale is shown to be small: 
an order of magnitude smaller than the sensitivity of WMAP3. Second, we find 
how far down the potential the field is at the time structure is produced, and find 
that for / > 5mp\ the relevant part of the potential is indistinguishable from a 
quadratic potential. Still, the naturalness motivation for NI renders it a superior 

1 We take mp] = 1.22 X 10 19 GeV. Our result extends upon a previous analysis of NI [6] 
that was based upon WMAP's first year data [7]. 
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model to a quadratic potential as the latter typically lacks an explanation for 
its flatness. 

2 The Model of Natural Inflation 

Motivation: To satisfy a combination of constraints on inflationary models (suf- 
ficient inflation and CMB measurements), the potential for the inflaton field 
must be very flat. For models with a single slowly-rolling field, it has been 
shown that the ratio of the height to the (width) 4 of the potential must satisfy 

i 

X = A17(A0) 4 < 0(fCT 6 - 1(T 8 ) , (f) 

where AV is the change in the potential V{4>) and A<j> is the change in the field 
</> during the slowly rolling portion of the inflationary epoch. The small ratio 
of mass scales required by Eqn. ([T]) is known as the "fine-tuning" problem in 
inflation. 

Three approaches have been taken toward this required flat potential char- 
acterized by a small ratio of mass scales. First, some simply say that there are 
many as yet unexplained hierarchies in physics, and inflation requires another 
one. The hope is that all these hierarchies will someday be explained. Second, 
models have been attempted where the smallness of x is stabilized by supersym- 
mctry. However, the required mass hierarchy, while stable, is itself unexplained. 
In addition, existing models have limitations. 

Hence, in 1990 a third approach was proposed, Natural Inflation [5], in 
which the inflaton potential is flat due to shift symmetries. Nambu-Goldstone 
bosons (NGB) arise whenever a global symmetry is spontaneously broken. Their 
potential is exactly flat due to a shift symmetry under <p — > <p + constant. As 
long as the shift symmetry is exact, the inflaton cannot roll and drive inflation, 
and hence there must be additional explicit symmetry breaking. Then these 
particles become pseudo-Nambu Goldstone bosons (PNGBs), with "nearly" flat 
potentials, exactly as required by inflation. The small ratio of mass scales 
required by Eqn. ([T]) can easily be accommodated. For example, in the case 
of the QCD axion, this ratio is of order 10~ 64 . While inflation clearly requires 
different mass scales than the axion, the point is that the physics of PNGBs can 
easily accommodate the required small numbers. 

The NI model was first proposed in Then, in 1993, a second paper fol- 
lowed which provides a much more detailed study [9] . Many types of candidates 
have subsequently been explored for natural inflation, e.g., [TD] _ [TS]. We focus 
here on the original version of NI, in which there is a single rolling field. 

Potential: The PNGB potential resulting from explicit breaking of a shift 
symmetry in single field models is 

F(<£)=A 4 [l±cos(M<£//)]. (2) 

We will take the positive sign in Eqn. and M = 1, so the potential, of height 
2A 4 , has a unique minimum at <p — W (the periodicity of cf> is 2irf). 
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For appropriately chosen values of the mass scales, e.g. f ~ m p i and A ~ 
m GUT ~ -^^ 15 GeV, the PNGB field cf> can drive inflation. This choice of 
parameters indeed produces the small ratio of scale required by Eqn. fl}, with 
X ~ (A//) 4 ~ 10 -13 . While / ~ m p\ seems to be a reasonable scale for the 
potential width, there is no reason to believe that / cannot be much larger than 
mpi. In fact, Kim, Nilles & Peloso [T7] as well as the idea of N-flation [TS] 
showed that an effective potential of / ^> mpj can be generated from two or 
more axions, each with sub-Plankian scales. We shall thus include the possibility 
of / 3> mpj is our analysis and show that these parameters can fit the data. 

Evolution of the Inflaton Field: The evolution of the inflaton field is de- 
scribed by 

ij> + iH4> + T4> + V'{(t)) = 0, (3) 

where Y is the decay width of the inflaton. A sufficient condition for inflation 
is the slow-roll (SR) condition <C 3H<fi. The expansion of the scale factor a, 
with H = a/a, is determined by the scalar field dominated Friedmann equation, 
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The slow roll (SR) condition implies that two conditions are met: 
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Inflation ends when the field 
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reaches a value 4>e such that e(^>) < 1 is violated, 
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More accurate results can be attained by numerically solving the equation 
of motion, Eqn. ([3|), together with the Friedmann equations. Such calculations 
have been performed in Ref. [9] , where it was shown the SR analysis is accurate 
to within a few percent for the / > 0.5mpj parameter space we will be examining. 
Thus, we are justified in using the SR approximation in our calculations. 

To test inflationary theories, present day observations must be related to the 
evolution of the inflaton field during the inflationary epoch. A comoving scale 
k today can be related back to a point during inflation by finding the value of 
N)., the number of e- foldings before the end of inflation, at which structures on 
scale k were produced [TT?] . 

Under a standard post-inflation cosmology, once inflation ends, the universe 
undergoes a period of reheating. Reheating can be instantaneous or last for 
a prolonged period of matter-dominated expansion. Then reheating ends at 



5 



T < Tpjj, and the universe enters its usual radiation-dominated and subse- 
quent matter-dominated history. Instantaneous reheating (pj^jj = p e ) gives the 
minimum number of e-folds as one looks backwards to the time of perturba- 
tion production, while a prolonged period of reheating gives a larger number of 
e-folds. 

Henceforth we will use N to refer to the number of e-foldings prior to the 
end of inflation that correspond to the current horizon scale. Under the stan- 
dard cosmology, the current horizon scale corresponds to N ~50-60 (smaller N 
corresponds to smaller Pj^jj), with a slight dependence on /. However, if one 
were to consider non-standard cosmologies [3D], the range of possible N would 
be broader. Hence we will show results for the range 40 < N < 70. 



3 Perturbations 

As the inflaton rolls down the potential, quantum fluctuations are generated 
which later give rise to galaxy formation and leave their imprint the cosmic 
microwave background (CMB). We will examine the scalar (density) and tensor 
(gravitational wave) purturbations predicted by NI and compare them with the 
WMAP 3 year (WMAP3) data [2]. 



3.1 Scalar (Density) Fluctuations 

The perturbation amplitude for the density fluctuations (scalar modes) pro- 
duced during inflation is given by [HJ H2 

P n 2 (k) = ^l. (8) 

1 11 

Here, P K (k) denotes the perturbation amplitude when a given wavelength re- 
enters the Hubble radius and the right hand side of Eq.© is to be evaluated 
when the same comoving wavelength (27r/fe) crosses outside the horizon during 
inflation. 

Normalizing to the COBE [33] or WMAP [2J anisotropy measurements gives 
P^[ 2 ~ 10~ 5 . This normalization can be used to approximately fix the height 
of the potential Eqn. © to be A - 10 15 -10 16 GeV for / ~ m pl , yielding an 
inflaton mass = A// 2 ~ 10 11 -10 13 GeV. Thus, a potential height A of the 
GUT scale and a potential width / of the Planck scale arc required in NI in order 
to produce the fluctuations responsible for large scale structure. For / ^> mpj, 
the potential height scales as A ~ (10 _3 mp^)^///mp-^. 

The fluctuation amplitudes are, in general, scale dependent. The spectrum 
of fluctuations is characterized by the spectral index n s , 



dP-R. 1 /m pl \ 2 3 - cos(0//) 



dln/c 8vr V / / 1 + cos(</>//) 



(9) 



G 



1 




Figure 2: The spectral index n s is shown as a function of the potential width 
/ for various numbers of e-foldingss N before the end of inflation. 



The spectral index for natural inflation is shown in Figure [2l For small /, n s 
is essentially independent of N, while for />2mpi, n s has essentially no / 
dependence. Analytical estimates can be obtained in these two regimes: 

for/>2m pl . 

The WMAP 3-year data yield n s = (n s = 0.987t[^ when tensor 

modes are included in the fits) on the k = 0.002Mpc -1 scalcjl. The WMAP3 
results lead to the constraint on the width of the natural inflation potential, 
/>0.7m pl at 95% C.L. 



3.2 Tensor (Gravitational Wave) Fluctuations 

In addition to scalar (density) perturbations, inflation also produces tensor 
(gravitational wave) perturbations with amplitude 

P y\k) = ^g-. (id 
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2 As discussed in Section [4] the running of the spectral index in NI is so small that the 
amplitude at the scale of the WMAP3 measurements is virtually identical to the amplitude 
on the horizon scale. 
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Figure 3: The tensor to scalar ratio r = 4?- is shown as a function of the 

. . . 71 

potential width / for various numbers of e-foldingss TV before the end of inflation. 

Here, we examine the tensor mode predictions of natural inflation and compare 
with WMAP data. Conventionally, the tensor amplitude is given in terms of 
the tensor/scalar ratio 



which is shown in Figure [3] for NI. For small /, r rapidly becomes negligible, 
while / — > 4f for / ^> mpi . In all cases, r < 0.2, well below the WMAP limit of 
r < 0.55 (95% C.L., no running). 

As mentioned in the introduction, in principle, there are four parameters 
describing scalar and tensor fluctuations: the amplitude and spectra of both 
components, with the latter characterized by the spectral indices n s and np 
(we are ignoring any running here). The amplitude of the scalar perturbations 
is normalized by the height of the potential (the energy density A 4 ). The ten- 
sor spectral index np is not an independent parameter since it is related to 
the tensor/scalar ratio r by the inflationary consistency condition r — — &n<-£. 
The remaining free parameters are the spectral index n s of the scalar density 
fluctuations, and the tensor amplitude (given by r). 

Hence, a useful parameter space for plotting the model predictions versus 
observational constraints is on the r-n s plane [2H US] . Natural inflation generi- 
cally predicts a tensor amplitude well below the detection sensitivity of current 
measurements such as WMAP. However, the situation will improve markedly in 
future experiments with greater sensitivity such as QUIET [26] and PLANCK 
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Figure 4: The spectral index running 4r\ is shown as a function of the number 
of e-foldings Nk before the end of inflation for several values of the potential 
width / (note that larger Nk corresponds to smaller values of k). Results are 
shown using the slow roll approximation, which is numerically inaccurate for 
this parameter, and may be off by up to a factor of 2-3. 



[27] . as well as proposed experiments such as CMBPOL [28] . 

In Figure [TJ we show the predictions of natural inflation for various choices 
of the number of e-folds N and the mass scale /, together with the WMAP3 
observational constraints. For a given N, a fixed point is reached for / 3> m p i\ 
that is, r and n s become essentially independent of / for any f> lOmpi. This 
is apparent from the / = lOmpj and / = lOOrnpi lines in the figure, which 
are both shown, but are indistinguishable. As seen in the figure, /<0.7mp^ is 
excluded. However, />0.8mpi falls well into the WMAP3 allowed region and 
is thus consistent with the WMAP3 data. 



4 Running of the Spectral Index 

In general, n s is not constant: its variation can be characterized by its run- 
ning, ifofc . In this section, we will use the slow roll approximation, which is 
numerically inaccurate for this parameter, and may lead to inaccuracies of a 
factor of 2-3. However, our basic result, that the predicted running is small, is 
unaffected. As shown in Figure [4] natural inflation predicts a small, 0(1O -3 ), 
negative spectral index running. This is negligibly small for WMAP sensitivities 
and this model is essentially indistinguishable from zero running in the WMAP 
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analysis. While WMAP data prefer a non-zero, negative running of O(10 *) 
when running is included in the analysis, zero running is not excluded at 95% 
C.L. Small scale CMB experiments such as CBI [39], ACBAR [3D], and VSA 
[31] will provide more stringent tests of the running and hence of specific in- 
flation models. If these experiments definitively detect a strong running (i.e., 
excluding a zero/trivial running), natural inflation in the form discussed here 
would be ruled out. 

5 Inflaton Potential and Inflationary Model Space 

In this section, we will examine the evolution of the inflaton field <j> along the 
potential. We will show that the location on the potential at which the final 
~60 e-foldings of inflation occurs depends on the width / of the potential. We 
will also show that natural inflation can fall into either the 'large field' or 'small 
field' categorization defined by [23], depending again on the value of /. 

The natural inflation potential is shown in Figure [5j For comparison, a 
quadratic expansion about the minimum at (ft = Ttf is also shown. Inflation 
occurs when the field slowly rolls down the potential and ends at the point 
where the field begins to move rapidly (technically, when e > 1). In the bottom 
panel of the figure, we show the location along the potential where inflation ends 
(Nk = 0) for various values of the potential width /. We see that inflation ends 
near the bottom of the potential for / > 0.5m p ;. In the top panel, the location 
along the potential is shown at Nk = 60 e-foldings prior to the end of inflation, 
the approximate time when fluctuations were produced that correspond to the 
current horizon - the largest scales observable in the CMB. The start of the 
observable portion of rolling is spread widely over the potential. For / < lmpi, 
current horizon modes were produced while the field was near the top of the 
potential. Conversely, for / > 3mpj, those modes were produced near the bottom 
of the potential. For / > 5m p i, the observationally relevant portion of the 
potential is essentially a (ft 2 potential; note, however, that in natural inflation 
this effectively power law potential is produced via a natural mechanism. 

Due to the variety of inflation models, there have been attempts to classify 
models into a few groups. [24] have proposed a scheme with three categories: 
small field, large field, and hybrid inflation models, which are easily distinguish- 
able in the SR approximation by the parameters e and 77. To first order in slow 
roll, the categories have distinct regions in the r-n s plane, as shown in Figure [D] 
Also shown in the figure are the predictions for natural inflation; parameters 
are labeled as in Figure [1] (which showed the same predictions, albeit with a 
logarithmic rather than linear scale). From Figure [6] it can be seen that natural 
inflation does not fall into a single category, but may be either small field or 
large field, depending on the potential width /. This should not be surprising 
from the preceding discussion of the potential. For / < l.Smpi, (ft is on the up- 
per part of the potential, where V"((ft) < 0, at Nk = 60 and, thus, falls into 
the small field regime. For />1.5mpi, (ft is lower down the potential, where 
V"((ft) > 0, at Nk = 60 and falls into the large field regime along with power 
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Figure 5: The natural inflation potential is shown, along with a quadratic 
expansion around the potential minimum. Also shown are the positions on the 
potential at 60 e-foldings prior to the end of inflation (top panel) and at the end 
of inflation (bottom panel) for potential widths / = (0.5, 0.7, 1, 2, 10, 100)mpj. 
For / > 5mpj, the relevant portion of the potential is essentially quadratic during 
the last 60 e-foldings of inflation. 
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Figure 6: Natural inflation predictions in the r-n s plane (parameters and re- 
gions labeled as in Figure 1), as well as the regions classifying small field, large 
field, and hybrid inflation models. Natural inflation falls into different classes 
depending on the potential width /: for /<1.5mpj, natural inflation can be 
classified as a small field model, while for /> 1.5mpj, natural inflation can be 
classified as a large field model. 

law (V((f>) ~ cf> p for p > 1) models. The WMAP3 constraints shown in Figure [1] 
and discussed in Section [31 requiring />0.7mpj, still allow natural inflation to 
fall into either of the small or large field categories. 

6 Conclusion 

Remarkable advances in cosmology have taken place in the past decade thanks 
to Cosmic Microwave Background experiments. The release of the 3 year data 
set by the Wilkinson Microwave Anisotropy Probe is leading to exciting times for 
inflationary cosmology. Not only are generic predictions of inflation confirmed 
(though there are still outstanding theoretical issues), but indeed individual 
inflation models are beginning to be tested. 

Currently the natural inflation model, which is extremely well-motivated on 
theoretical grounds of naturalness, is a good fit to existing data. For potential 
width / > 0.7mpj and height A ~ m GUT ^ ne m °del is in good agreement 
with WMAP3 data. Natural inflation predicts very little running, an order of 
magnitude lower than the sensitivity of WMAP. The location of the field in the 
potential while perturbations on observable scales are produced was shown to 
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depend on the width /. Even for values / > 5m p ; where the relevant parts of 
the potential are indistinguishable from quadratic, natural inflation provides a 
framework free of fine-tuning for the required potential. 

There has been some confusion in the literature as to whether natural infla- 
tion should be characterized as a 'small-scale' or 'large-scale' model. In Figure 8 
we demonstrated that either categorization is possible, depending on the value 
of /, and that both are in agreement with data. 

Natural inflation makes definite predictions for tensor modes, as shown in 
Figure 1. Polarization measurements in the next decade have the capability 
of testing these predictions and of nailing down the right type of inflationary 
potentials. 
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